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ABSTRA CT

ON THE EXISTENCE OF SIMPLE LIAPUNOV

FUNCTIONS FOR LINEAR RETARDED DIFFERENCE

DIFFERENTIAL EQUATIONS

by

L .A.V. Carvalho , E.F. Infan te , J. A. Walker

Liapunov functions of simple form have been used for

the study of stability properties of difference-differential

equations . In this paper we provide necessary and sufficient

conditions for the existence of such functions.
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ON THE EXISTENCE OF SIMPLE LIAPUNOV ~~~~~~~~~~~~~~~~~
FUNCTIONS FOR LINEAR RETARDED DIFFERENCr

~~~
H , llad/ or

DIFFERENTIAL EQUATIONS ~~1st al

by 
f lu ’  

L
L . A . V .  Carvaiho , E.F. Infante , J.A. Walker

In this paper we consider , for the retarded linear autono-

mous difference-differen tial equation

m
y(t) = Ay(t) # 

~ 
Bky(t- -rk), t > 0,

k=l

the question of existence of Liapunov functions of the two forms

m rO
V(x) = y*Ry + V*(0)QkV(0)de ,

k=l 
~~

tk

and

W(x) = sup V*(O)RV(O).
maxrk(8< O

It is noted that the existence of a Liapunov function of

either of the foregoing forms is independent of the delays {Tk}~~.1
;

hence , so will be any stability conclusions drawn from the use of

such functions . This remark suggests that the class of functional

equations of the above form for which such functions exist is

narrow. In the paper we give a characterization of this class;

mor eover , we show by counterexample that there do exist equations

of this form that yield asymptotic stability for all delays {Tk}~~ 1

T



and yet there exist no Liapunov function of the above forms that

can be used to establish this fact.

Finally, we use Liapunov functions of the above type to

provide estimates of exponential decay .

~

-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~
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equation on a Banach space x,

= Fx(t) , t -. 0,
x (O) x0 E (v0(0) , v

0
) t~ u1(1~) 

~ ~~~
, (1.2)

where 
~ 

{x=(y,v) E C’~ ‘. t.([_T ,0];Ct
~)jy=v (01 } wi th

l i x  I SUp I l v  (0 )  ~I 
~~ 

the operator F has domain
\ -t c o< 0 C

in
{x= (y,v) \ I V ’ ~ ( ( [ - t  ,0J ;Ct’) ,v ’ (O)=Av + 

~ 
B~~~~(- t ~~ ) } ,  where

k=1

v ’ (0) ~~~~~ v(0), and is defined by Fx (lv + 

k~ 1 
Bkv ( T k) ~~~~~~~~~

for all x = (v,v) ij ’( F )  . It is well known [7] that F is the

i n f i n i te s i m a l  generator of a C0-scmi group {S(t)}t~ o of h ound ed

linear operators S (t):\ 
~ ; in particular , for every

~ J(F) , S(~ )x0 is the  uni que strong solut ion of (1.2).

We are interested in obtai ning stability results for (1.2)

(hence (1.1)) throug h the use of Liapunov functions.

D e f i n i t i o n _ 1.1: A continuous function V: 
~ ~ is said to he a

continuous Liapunov function for {S(t)}
~ ’.o on 

~ 
if V (x) 0

for all x 
~

- x~ 
where V:~ ~ ~1 is g iven by

V(x) lint inf -~‘[V(S(t1x)-V(x)), x t. ‘,.
t N O



3

It is well known that if V is a Liapunov function on x~ 
then

V(S(t)x) < V(x) for all t > 0, x E x. The major difficulty

encoun tered in usin g such a conclu sion to derive stabili ty resul ts

is the construction of a suitable Liapunov function .

In [8,9] very complicated Liapunov functions have been

shown to yield necessary and sufficient conditions for stability

and asymptotic stability for (l.2),hence for (1.1). On the other

hand , mos t attention [4,6,7] has been centered on the use of

functions having very simple structure ; in particular , functi ons

of the form

m t O
V (x) y*Ry + 

~ J v*( O )Q kv (O)dO , x = (y,v) E x, (1.3)
k=1

or of the form

W (x) = sup v*(O)Rv(O), x = (y,v) E x~ (1.4)
-1< 0<0

where y~ denotes the conjugate transpose of the column matrix

y, and R ,Qk, are n x n Hermi tian matrices. Compu ting ~‘:x 
-
~

and ~v:x 
+ ~ according to (1.2), we obtain

V(x) = y*(RA+A*R+ 
~ 

+ 2Re y*RB~v(~~r~ )
k=l k=l

- 

~~~~~~~~~~~~~~~~~ 
(1.5)
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and

fO 
if \.* RV ~

.

.2: (l.t’)
In

max (0 ,2Rev *R (.\v+ V l k\~~~
t k))} jf ~~~~~~~~~~ =

k= 1

for all x = (y,v) ‘
~~; hence , V is a L iapunov func t ion on x

if and only if

in
R.\ +~~* R+ V 

~k 
RB 1 RB~ . . . RB

k= 1 in

*
B 1 R -Q 1 () . . .

*
B2 R 0 -Q : . . 0 2: 0

B R  0 0 . . • - Q 1~

(i.e., this matrix is negativ c-semidefini te ) , while W is a

Liapun ov func ti on on 
~~~, i f  and onl y if

Re:0 R(:~~0 ~ 
B~:~ ) 0 (1.8)

for all :
~),
:1,. ~~~ t C~ such that :

~ 
R:0 :~ Rzk for all

k = 1 ,2 ,... ,m. We remark that under condition (1.8) the Liapunov

_____________________________________ I 
fr - 



5

func tion W(x) corresponds to a “Ra :umikhin function ” [3 ,7] of

the form v *Ry

It is noted that ~.he existence of a Liapunov function of

either of the foregoing forms is independent of the dela s

hence so will be any stability conc~ us ions drawn from

the use of such functions . This remark suggests that the class

of equations of the form (1.1) for which such functions exist is

narrow . In the sequel we g i v e  a characteri :ation of this class ;

mor eover , we show by counterexamp le that there do exist equations

of the form (1.1) that yield asymptotic stabilit y for all dela ys

and yet there exists no simple Liapunov function , having

e i ther of the foregoin g forms , that can he used to establish this

fact.
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II. The Sin~g 1e De1j~~~~ ase

In this section we consider the case where equation (1.2)

involves only a sing le delay (m = ) . -r

Essential to our arguments is the following result.

Lemma 2 . 1 .  Give n n ~ n complex m a t r i c e s  M , N , P , with  M and

N Hermitian , the following two statements are equivalent:

(i) M + N + e’~ P + e 1
~~P* < 0 for all ~ E ~~~~.

(ii) There e x i s t s  a Ilermitian matrix Q such that

r M + Q  P
I < 0 .

L P~ N - Q ]  
—

Proof: Noting that (ii) implies

[I ,ei~I][ P* N 
~~ 

M N + e’~P + e ’~P* < o

for all ~ E IR , we see that (ii) implies (i)

To show the converse , note from (i) that if u(iq) denotes

the fourier transform of an arbitrary u (t), u E.~~(IR;C~), then

< 0; hence , by Parseval’s

equation ,

_ _  
_ _  

_ _ _ _  
- ~~~~~~~~~~~

19
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j  
[u*(t)(M+N)u(t) + 2IReu*(t)Pu(t_l)]dt < 0.

-

Let u(t) = 0 for t < 0 and u(t) = U
k 

for k < t < k ~
k = 0,1,2 ,...; it then follows that

k~ O 
[u
~
(M+N)u k 

+ 2lReukPuk 1’ ~

for all Uk EC~ 
such that {Uk}~~ O E 9,~ , u~ 1 0.

Define the functional

J(u0) ~~~ 
k~ l 

[u
~
(M+N)u k + 2U

~
eu Puk l J , U 0 E C

r1.
{uk)k..l

We note that -u0(M+N)u 0 
> J(u~~) > 0 and , therefore , J(0) = 0

and J(u0) is continuous at u0 = 0; furthermore , it is easily

verified that J(yu0) 
= I’r l 2J (u 0 ) for all y E C.

We first wish to show that J~
”2(~) is a seminorm on CT1;

it only remains to be shown that J1”2 () satisfies the triang le

inequali ty. To this end , consider positive real numbers ci,B,

such that ci2 + ~2 = 1, and notice that , for arbitrary w ,z E 

- ~~~ . 
~.- -~~~~~~.,~~~~~~~~~~-—---
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* * *J(w+z) = SU ~ {u 1 (M+N)u 1+2IReu 1 P (w+z)+ ~ 
[u k (N+M)u k+2U(eukPuk l ] ~

f k=21
~
Uk k=l

~. 
Sup {(uu1)*(M+N)(au 1)+2U~e(ctu1)*P(a w) +

+ 2~ e(auk)*p (au k l )]} +

Sup {(0u 1)*(M+N) (~ u1) 
+ 2Q~e(~ u1)*P(~~~ z) +

~~~~~~~~~~~~~~~~~~~ 
+ 2IR e (~ u k ) * P ( ~ u k l ) ] }

U — l -l —~~‘
= J(c i  w) + J(8 z) = a ‘J(w) + ~

If •J (w) = 0 = J ( z ) ,  i t  follows that J(w+:) = 0; if not , let
2 l’2 l’2 1’’ ~J ‘ (w)/[J ‘ (w) + J ‘ ( : ) ] ,  B~ E 1 - cz , and note that we

obtain J(w+z) < J ( w )  + 21 u/2 (w)Jh/2 (:) + J(z). Therefore , J1”2 (.)

is a sem inorm on C1’

We now w ish to show that this seminorm satisfies the

parallelogram law . Let w0,z0 1~ 
~~ c > 0, and note that there

exist sequences (W k
}k l ,  {lk}k=1 ~~~ such that
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J (w 0 ) + 

k~~l 
[w ( M + N ) w k + 2fl~cw~ Pw k l ]

* *J(:0) 2:. ~ + 

k~ l 
kk(M4.N)Z k + ZtRe zkI : k_ l ]

c o n s e q u e n t l y ,

.J (w 0 ) + J(:0) 2 r  + 

~ k~~l 
[(1~k +z k ) * ( ~1+N ) (w k + z k ) +

+

+ 

k~~l 
[(w k~~z k ) * ( M + N ) ( w k~~z k ) +

+ 2 IRe (w k
_ z

k ) *P ( w k l ~~:k l ) ]

< 2c + ~ J(w 0+~ 0) + 4 -J (t% 0 -z 0 ) .

As £ > 0 is arbi trary , 2J(w0) + 2J(:0) < J ( w 0 + z 0 ) + J(w0-:0) ;

by an obvious change of variables and quadratic homogeneity, the

reverse inequality holds as well. Hence J 1” (.) satisfies the

parallelogram law .

Define q:~~ x -‘- C by

q ( w , z) E -~- [J ( w + z )  - J ( w - z ) ]  + ~- [J ( w + i :)  - J(w-iz)], w ,: c ~~

We note  t h a t  q is continuous with q(w ,w) J ( w )  0 , q ( w , :) a

q ( z ,wJ, and a s t anda rd  a rgument  [10] shows t h at

_ _ _ _ _ _
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q(aw+w ,z) = aq (w,z) + q ( w , z)  for all w ,w , z ~ r1 
a C.

Con sequen t ly , Riesz ’ representation theorem iMplie s the eXi5tCflC~of a uni que Ilerm itian m atrix Q such that z*Qw = q(w ,z) + z*Nw ,
~ C

U .

Finall y ,  we note that , for every U
1 
(--

q(u 1,u 1) = J(u 1) = sup 
k~ z

E k (~~
N)t1k + 2fl

~
eu
~

Pu k l J

and therefore for every u0,u1 ~ C
1’,

q(u1,u1) + u~~(M+N)u 1 + 2~ cu~ pu0 J(u0) q (u0,u0);

Consequentl y,

~ u~ (M+N)u~ + 2~ e~~ pu0 < u0(Q-N)u 0,

and we conclude that (1) implies (ii).

1
Through the use of this lemma we can provide existence

criteri a for Liapunoy functions of the form (1.3) or (1.4) when
equation (1.1) involves only one delay ; i.e.,

~(t) = Ay (t) + By (t- ), t > 0, (2.1) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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with m = 1, t
~ 

= -i- , B1 B. In this case the function (1.3) has

the form

to
= y*Ry + J v*(0)Qv (e)de , x =(y ,v) x~ 

(2.2)
~ -1

for some n x n Ifermitia n matrices R and Q. The f o l l o w i n g

theorem gives necessary and sufficient condition for (2.2) to be

a Liapunov function on x for (2.1).

Theorem 2.L Given arbitrary n ~ n posi tive -semidefinite

Hermi tian matrices C ,D, the followi ng two statemen ts or

equivalent:

(i ) There exist R = R* , Q = Q* , such that V

given ~~ (2.2) is a nontrivial Liapunov

func tion for (2.1) on x and

V(x) < ..y* C v - v*(~ t)Dv (~~t), x = (y,v) E x.

(ii) There exis ts R = R* ~ 0 such that

J~J~ + A*R + C + D + e”~RB + e~~~ B*R < 0 for all • E I~.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —---- —----
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P r o o f :  By direct computation of ~ (see 1.7), we find tha t

‘~(x) sati sfies the estima te of (i) i f and only if the 2ii x Zn

Ifermi tian matrix

r fl~+ j~*R+Q÷c BR

L R*B D-Q

is n e g at i v e  s e m i d e f i nj t e ;  hence , Lemma 2 . 1  shows t h at  ( i )  is

equivalent to (ii).

This theorem leads to the following criteria for stabilit y ,

a~-.ymptotic stabilit y and instabi lity of the trivial solution

(hence , by linearit y , of all solu tions) of equation (2.1).

Theorem 2.2: Le t there exist n x n Ilermitian matrices C ,R ,

such that

RA + A*R + C + e’~ RB + e ’~B*R < 0 for all ~ E I~. (2.3)

Then , for all T > 0,

(i) If C > 0 and R > 0, the trivial solution

of (2.1) is stable.

(ii) If C > 0 and R > 0, the trivial solution

of (2.1) is as~ymptotically stable ; 

;i ~~~~ - - 

. -

~~ 

- --
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(iii ) If C 0 and v~~R~
-
0 

0 f o r  some i. C11 ,

the tr iv i al solut i on of (2.1) is unstable.

Proof: By Lemma 2.1 , condition (2 .31 implies the existence of

Q Q* such that

I gj~~+A * R~~~ Q+~~~;

~ 0;L B*R -Q

hence , Q 0 , V(x) v~ Rv , and ~ (x) 2: 
.y * ( y  for the function

r 0
V ( x)  = v *Ry + J v * (~~)Qv (~~ )d4 , , x = (v ,v~

Us i ng the semi group not at i on  of Sect I on I , we recall

t h a t  C 0 implies V(S(tlx) 2: \ ( x )  , t 0 , x ~ ; hence ,

V (x0) V(S(t)x01 y *(t~~1~v ( t )  , t 0. Consequently, if R 0

and I 1x 0 
~ 

, there cx. i s t s  c~ I such that

I jv (t) ~ < c0~c , t 0; this i m p l i e s  that jS (t)x~~I c 0 c

for all t 0. It follows t h a t  (i) ha~ been proved; moreover ,

for R 0, every m otio n S(.)x0:~ ~ 
has bounded positive

orbit y (x 0 1 U s (t)x0. It is we ll known that ,ior (1.2),
t>0

bounded posit ivc orh its are precomp act V’] : hence , m a k i n g  the

s t r o n g e r  a s s u m p t i o n  t h a t  C ~
‘ 0 and n o t i n g  that the largest

positive invariant set [11] i n  {x t. \N (x) = 01 is {01 , the

Invar iance Princi ple [l lJ yields the conclusion that S(t)x0 0

as t -
~~ 

= , for every x0 ~ x~ 
which proves c ii)



.— - --- - — --- -
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Now considering (iii), w i th C > 0 and y0Ry 0 < 0 for

some V 0 
( C’~~, the Invariance Princi ple shows that y (x0)

is not precompact (hence , not bounded) for some x0 in each

nei ghborhood of 0 E x; hence , x = 0 is unstable and the proof

is comple te.

We remark that if only the hypotheses of (i) are satisfied ,

rather than the stronger hypotheses of (ii) , it may still be

possible to employ the Invariance Princi ple [11] to conclud e

asymptotic stability rather than mere stability ; one need only be

able to show that the largest invariant set in {x E x IV ( x )  = 0)

is (0).

Let us now consider the function W of (1.4),

W(x) = SU~ V*(0)Rv(0), x = (y,v) e x. (2 .4)

Recall that , for this function to be a Liapunov function for

equation (2.1), it is required that

Re z0R(Az0+Bz1) 
< 0 (2.5)

for all z0,z1 E C
’
~
’ such that z0Rz0 > z1Rz 1. By making the

particular choice :1 = e
1
~~Z0 we no te  tha t  a consequence of

_ _  _ _ _ _ _
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c o n d i t i o n  ( 2 . 5 1  is that condition (2 .3) must hold fo r  C = 0.

Hence cx i st  enc e o I a Li apunov func t i on of the f o r m  ( 2  . ~~ i nip l i e s

t h e  ex i stence of a Liapunov function of the form (2.21 , hut not

c on v e r s e  lv unIe~ s , in (2 .2) , we have that Q — ceR for some

0 . It tollot ..s th at the clas ’-. of equation~-. of the form (2.1)

i~h I ch ad~i t t ‘‘Ra ~um i kh in — t N’ I aI’uuov funk t i oti s is a subset of

t h e  cIa- ~-. th a t admits I i.I rlmno v functions of the f o rm (2.2).

L - -
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I s

I I I .  the Mul t i—deLi~ ( a s e .

In this section we general i:t ’ the r e s u l t s  p r e s e n t e d  in

the previous sect ion so as to encompass the case i n  wh i c h  several

delays occur , as in  equation (1.1).

For this purpose , we first p r e s e n t  a g en e r a l i : at  ion of

Lemma 2 .1.

Lemma~~~ 1. G i ven ii ~ ii comj~lcx  rn atrLc es ~I , N k ‘~ k’ N

arul Nh Herniiti an , k = 1 ,2 .. . ,m , the foll o%%ing two statcme nt s

are e~~~ va l e n t :

(i) There  exist I l e r m i t i a n  matrices Nh . k = 1 ,2 ,.. .m ,

such that M 2 :  
k~ 1 ~

1k and , f o r  each k = 1 ,2 ,.. .m ,

+ Nh 
+ ~ I~ + & 1 h 2: 0 for a l l  ii’ t

(i i ) Th e r e  exist l ( c r m i t i a n  m a t r i c e s  
~k’ 

k = 1 ,2 ,...

su ch t h a t

M
~~~~Qk 

P1 ~m 
- -

N 2 -Q , ... : 2: 0 .

*P 0 0 N -Qin • 111 in



16

Proof: It is clear that ( i i )  holds  if and only if there  ex is t

H e r m i t i a n  ma t r i ce s  11k ’  k = l , 2 , . . . , m , such that
m m

~~
Uk > M +  

~~~~ 
and

k=l k=l

ruk
I < 0, k = 1,2 , . .. ,m.

L’~ 
Nk -Qk]

Def in ing  Mk Hk - 
~k 

and apply ing Lemm a 1 for each k = 1,2 ,... ,m ,

it follows that (i) is equivalent to (ii) .

As in the prev ious  sec t ion , we w i l l  use th i s  Lemma to pro-

vide exis tence criteria for Liapunov functions of the form (1.3)

or (1.4) for equation (1.1),

~ (t) = Ay( t) + 

k~ l
k
~
’
~~~~~ ’ t > 0. (3.1)

We recall that we are interested in a function V hav.ii~g

the form (1.3) ,

in
V(x) = y *Ry + 

~ J v* ( O ) Q kv ( 0 ) d o , x = (y,v) E x~ (3.2)
k=l

for some n x n Hermitian matrices R and 
~k’ 

k = 1, . . .  , in . 

~~~~~~ .--~- -~~ - 



Th eorem 3 .1: Giv en arbitrar y a ‘ a j~ositive-sem jd c fin ite

Uerm i t ian mat r i c es C ,Dk, k 1 ,2 ,... ,m , the following two

s t a t e m e n t s  a r e  e q u i v a l e n t :

(i) ~~~~e exi st R = R* , 
~k = 

~k ’  such t h a t  V

~ iv ~ n b ~3.2) is a nontrivial Liapunov function

for  (3.1) on \ and

~~ x )  *C - 

k 1  
v*(~~Tk)Pkv (~~t k), x = ( , v~

(ii~ ‘l’here e x L - - .t R = R* I O ,MK 
= 

~
1k’ such ~~~

P~ + .\*R + C 2: 
k~ l ~

t k and , for  each k = 1 ,2 ,...

- -
~~ *

Nh + -
~ e tRB

h + e ‘— 0 b r  a l l  ~ ~. fl~.

The proof of this theorem follows i mmediatel y from application of

Lemma 3.1 , u s i n g  the same arguments as in the proof of Theorem 2 .1.

T h i s  r e s u l t  i m m e d i a t e l y  l eads  to

Theorem 3 . 2 :  Let  t he r e  exist n ~ a t i e r m i t i an  ices C ,N k , R

such thai RA + A*R + c 
~ k~ l 

Nh and , for  each k = 1 ,2 , . . .

+ e’
~

RB k + e
~~~

BkR ~ 0 fp~ a l l  ~ t IR.

Then, fo r  a l l  2: 0 , k = 1 ,2 ,.. • ,m ,

F
L - -
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(i) If C 0 and R > 0, t h t ~ trivi a l solution of

(3.1) ~~ ~~~~~~
(ii) If C > 0 and R 0, the trivial so lu t ion of

(3.1) ~~ asv~~ i c a l lv  stable.

(iii) If C > 0 and v 0 Rv 0 0 f o r  ~~~~~ E C 1’

the t r i v i a l  s o l u t i o n  of (3.1) is u n s t a b l e .

We o m i t  t h e  p r o o f  of t h i s  t h e o r e m  s i n c e  i t  p a r a l l e l s  t h a t

of T h e o r e m  2 . 2 .  As for  Theorem 2 . 2 , we r emark  t ha t  i t  may be

possible to conclude asymptotic stability in certain app lications

sa t i  s f y i n g  tile h y p o t h e s e s  of (i) hut not those of (ii); thi s

merel y requires a more detailed app lication of the Invariance

P r i n c i p le [ill .

Ihe remarks made in Section I I  regarding t h e  existence of

a “Razuxnikhin-type ” Liapunov function (i.e., of the form (1.4))

apply here as well; existence of this type of Liapunov function

implies extenco of a Liapunov function of the form (3.2) , but tile

converse need not hold unless = akR , k = 1 ,2 ,... ,m , for some

real 
~k 

> 0.
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IV. A Converse Question on Asymptotic Stability .

If the hypotheses of conclusion (ii) of Theorem 3.2 are

satisfied , then we are guaranteed asymptotic stability of all

solutions of

m
~~(t )  = A y ( t )  + ~ B~y(t-T~ ), t > 0, (4.1)

k=1 —

irrespective of tile values of the delays i
~k ,  k = 1,.. .,m. It

follows that no function V of the form (1.3) will be a Liapunov

function with R > 0, V (x) < ~y *Cy , C > 0, unless equation (4.1)

is asymptoticall y stable for all, delays. Given t h i s  observation ,

and recalling the power of the Invariance Princi ple [11], it is

natural to ask the following question : given that the trivial

solution of (4.1) is asymptotically stable , irrespective of the

delays ‘k’ k = 1,... ,rn , does there necessarily exist a Liapunov

function of the form (1.3) with R > 0 ? Thi s is es sen t ial ly t he

question posed by Hale (see [7], p.108).

To investi gate this question , let us recall a recent result

[12] that characterizes those (m+l)-tuples of real matrices

(A,B1,.. . ~B~) such that the trivial solution of (4.1) will be

asymptotically stable irrespective of the delays .

Ih~prem 4.1 [12]: The trivial solution of equation (4.1) is

asymptotically stable for ~~~ set of Tk -~~ 0 if and only if

(i) the real p a r t s  of the eigenvalues of A + 

k~l 
Bk ~~~

_
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negative , and

~~
ii) f2~ ~~~ 0k E~ fl~, A + e Bk h~g-~ ~~ nonzero

k=l
imag i n a r y  e igervalue.

Thus , in the ca se of real ma trices A ,B1,.. . ,B~ , our question

reduces to the following : do the hypotheses of Theorem 4.1 imply

the existence of Hermitian matrices R > 0 , C > 0, Dk > 0 and

k = 1 ,... ,m , such that statement (ii) in Theorem 3.1 is true?

This question has an affirmative answer in the scalar

case (i.e., A = aE LR , Bk 
= bk E fR). Indeed the conditions of

Theor em 4. 1 becom e , in this case

a + 

k~ l 
bk < 0, (4.2)

a + 

k~ 1 
Ib k ~ 0. (4.3)

Hence , letting R = 1 , C = 0 , Dk = 0, and Mk = 
~2lb k I , it is

immedia te ly  seen from ( 4 . 3 )  tha t  a l l  c o n d i t i o n s  of s t a t emen t  ( i i )

in Theorem 3.1 are satisfied , and , therefor e , there exists a

L iapunov function of the form

m
V( x )  = 1y 1 2 

+ 

~ J QkIv(0) 1 2d0 , x = (y,v) 
~ x, 

(4.4)
k=l ‘tk

for some •
~~ 

E IR, such that V(x) < 0. From the proof

of Lemma 3. 1 , it is easily seen that the 
~k 

must satisfy
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-
~~Ib k I+ Q k 1)

k I
0, k = 1 ,2 ,... ,m;

- 

b k ~~kj

henCe , 
~k 

= 1
~k 

I i s  the only p 0 5 5  ill Ic choic e , and we obtain

= 2 (a+~~ bk l ) I~~I 2 
- 

k~~1 
bk l ( ( sgn 1’k~~~ 

)j 2

fo r  a l l  x = (v , v )

A l  t boug h C 2: 0 and r e s u l t  (ii) of’ I ’h e orem 3. 2 may not

al)l)l \’ , t h e  Invar i anc e P r i n c i ple [11] can be employed direct lv to

s h ow t h a t , u n d e r  c o n d i t i o n  (4 . 2 )  , t h i s  L i a p u n o v  f u n c t i o n  does

establish asvmptot i c stab i i i tv

The above ques t  ion , however , h a s  a n e g a t i v e  a n s w e r  at t h e

v e c t o r  l eve l  , a s we can show t h r o u g h a c o u n ter  e x am p l e .  I n d e e d ,

in (4 .1) let in = 1 and

-1 -1~~ 0 ]
, Bl =~ I ’

-- 
I ~~~ LU -aJ

for some a ( hR. it is easil y verified that the conditions of

Theorem 4.1 are sat is fied if and on lv i t ~ 
~~ _ 

< 2. On t h e  other

hand , it is not po ss ible to sat isf condition (2 . 3~ with any

R = R* 0 , C = C~ 0, when a 2 1 . Indeed , suppose

-J
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1 < a < 2 and

R ( A + e ~~~B 1) + (A+e~~ B1)*R < -C for all ~ hR, (4.5)

whe re C = C* > 0 and

1-i
R = , ~ C , a E ~~~, ~ >

L8* ~5]

S a t i s f a c t i o n  of ( 4 . 5 )  im p l i e s  t h a t , f o r  a l l  ~ c hR ,

1 _ 2 ÷ z a c o s  
~ 

+ 2Re~ -l-2 13+ó- 2ct~3sin

~~< 0 .
L 1 2 2~~~ i~ ~ -2Re~ -2~ -2~ czcos~~J

For this to be so , it is necessary that

- 25 (1+acos 
~) 

< 2Re~ 2 (1-ucos ~)

for all ~ ED?,., and this is impossible for I < a2 . Henc e ,

for  1 < a2 < 2 , we have an example displaying asymptotic

stabilit y for  a l l  r 0 , bu t for which no nontrivial function

of the form (1.3) is a Liapunov function .
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V. A d d i t i o n a l  Re m arks .

In t h i s  sect ion WC present two addi t i or al  r e s u l t s  based

on the use of a simple Liapunov function of the form (1.3). ‘l’he

firs t of these provides a sufficient condition for , and an

estimate on , exponential decay of solutions. The second p r o v i d e s

sufficient conditions for stability and a s y m p t o t i c  s t a b i l i t y

t h a t  are simpler than , but no t  as “necessary ” as , those of

Theorem 3.2.

In result (ii) of Theorem 3 . 2  , and also (ii ) of Iheorem

2 .2 , we have concluded on ly  asymptotic stability; w ithout addi —

t tonal assumptions , this conclusion can be strengthened to ex-

p o n e n t i a l  stability b y e m p l o y i n g  vet an other  fun cti on , closel y

r e l a t e d  to the  f u n c t i o n  V of ( 1. 3 ) ,

Hi 0 (~~Q + T  )

V~~(x)  ~ *~ y + 

~ J ~ 
k 
~*(O)Q kv (Q)d O , x = ly, v) & \,

k - i  ‘ k ( 5 . 1 )

wile re R R* , 
~k 

= 

~k ’  and ~S is a positive rca 1 number. Corn -

p u t  ing v~ :~ hR according to (1.2), we o b t a i n

in ~S r . m
\‘ ç (x )  y * (RA+A *R+ ~ e ~~~~~ + 2Re ~ 

%.*J~B v ( _ T )
k= l k” l

-

in ~0 ~
S ( O + r k l

~ t e \~*((l)Q v(0)d0 x = (y, v) & \.
k=1 J~~T k ( 5 . 2 )

- — - .
~ ~~~~~~~~ ~~~~~~ 

r ~~~ ~L -~~~-~ ~~~~~~~~ ~~
- - - - -
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tJnde r the hypo theses of (ii) in Theorem 3.2 there exist
C = C~ > 0, R = R~ > = Q~~ 

such t h a t  the h l e r m i t i a n  m a t r i x

RA+A*R+C+
~~~Qk RB

1 RB 2 . . RB~

B 1R -Q
1 

0 . . .  0

B2R 0 . . . 0

BmR 0 0 . . - 
~rn

is ne gative -s emidefi n j te . Conse quentl y , 
~k 

0 and the  use of
these matri ces in V6 lead s to

In +5T~,,. m
‘— -o ,jx) + y * ( R A + A *R + O R +  ~ e Q~ )y  + 2R e ~ \ *RB V ( . . T )U U 

k=l k= 1

- 
k~ l

(
~~~~~~~

(t
~~

< - 6V 6 (x)  - y*[c 6R~~~~ (e~~~~ l ) Q~ ]y

Since C > 0, we may now choose a 6 0 so smal l  tha t

< - 5 V 6 (x) , which leads to the estimate

V6 (S( t )x )  < e~~ t V6 (x) for all t ~ 0 , x X . (5 .3)

_ _ _ _ _ _  - -,.
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(:oI l s& ’qUcI l t  lv

- S t  * iii ~S r 1 ¼ 10 
*

(S {
~- ( ~ ) R~~ (O) + v 0(0)Q1 v (O )dU }

k= l 1¼ 
(5 .4)

fo r  a l l  t 0 , imp lying t he  c x i  st en ce  of c 0 “ I such t h a t

I Is (t)x 0 1 1
~ 

c 0e~~~~I I x ~1 I I~ fo r  a l l  t 0 , x 0 ~~~
. l t follows

that the hy p o t h e s e s  of ( i i )  i n  ‘Iheorem 3.2 (hence , of (ii ) in

Iheor em 2 .2) actuall y impl y exponential stabilit y of the trivial

solution , w ith expon ent-Ot /2 such t h a t  6 0 and
HI O r

C ~ R + 
~ 

(e - [ ) Q 1¼ ; hence , 0 depends on the d e l  av s ‘ 1¼ ’k= 1
1¼ = l ,2 ,. ..,m .

lurn i rig to t he  second  r em ark  we w i s Ii to mak e  , we i’e fe  r

again to the function V of (1.3) , recalling that V is a

L i  a p u n o v  f u n c t i o n  f o r  ( 1 . 2 )  i f  and only if (1. ) holds; i . e

— HI

R.~\+A*k+ ~ 
Q~ R B ,  . . . RB

k = l  - Ill

B 1R -Q 1 0 . . . 0

B , R 0 -Q2 . . . 0 0 (5.5)

B~~R 0 0 . . . -Q~

_ -------4
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for some R = R* , 
~k 

= 

~k ’  k = l ,2,...,zn. Theorem 3.1 shows

this condition to be satisfied if and only if statement (ii) of

tha t theorem is true for C 0, Dk 0, k = 1,2,...,m. Un-

for tuna tely, this s ta tement may be difficult to verify and does

not suggest an exp lici t cons truc tion for the ma trices 
~k• 

In

cer tain appl ica t ions it may be desirable ins tead to simply “guess ”

a plausible form for 
~k 

= 

~k’ and then search for some R = R*

such that (5.5) holds . We will now describe a simple technique

of this type.

Condi tion (5.5) implies that > 0 with null space no

la rger than that of RBk. Hence , let us suppose 
~k 

to be of

the form = BkRZkRBk for some Zk > 0, k 1,2,...,m.

Then (5.5) will be satisfied if there exists R R* , Zk 
= Zk > 0,

such tha t

m 
*PA + A*R 

k~ l~~~k k k k  (5.6)

where is a Hermi tian matrix that inverts Zk on the range

of PB
k

(Y k_Zk if det IRB k I ~ 0). In fact, a careful i~view of

the proofs of Lemma 2.1 and Lemma 3.1 reveals that if (5.5) can

be sa tisfied by ~~~ R = R* 
~ °‘~~ k 

then it can be satis-

fied by some R = R* ~ o. Qk = 

~k’ with of the fo nn we have

sugges ted. Hence , satisfaction of (5.6) by some R = R* ~ 0,

Zk = > 0 , is necessary and sufficient for the existence of

any non- trivial Liapunov function of the form (1.3) for equation

(1 . 2)



C o n d i t i o n  ( S . t ’) ce r t a i n l y  w i l l  be s a t i s f i e d  i f  t h e r e

exists R = R* 0 and r e a l  numbers  0 such t h a t

In 
* -PA + A*R + 

~~ 
(&~1¼B1¼RB 1¼ +t~1¼

1 R) ‘- 0. (5. 7)
k=l

A lthoug h much more restrictive than our  IICCCSSaI ’ and sufficient

condi ti on s , tile comparativel y s i m p l e  condition tS . 7) is certainl y

suffic ient to ensure that V i s  a L i a p u n o v  function on x for

( 1 . 3 )  w i t h  Q 1¼ ~1¼ R~~RB 1¼ , and that the trivial solution is stable

if R 0; moreover , ‘
~ is g iven b~

In * - 1
= y *[R .\ +~~*R+ S (f kBkRBk+~ k R) ]y

k = I

- ~~ l E y ~~~k B k v ( T k ) i~~~~~~~ k B k~~( t k f l,

x = (v v)  t. \ .

Hence , under (5 .7), if R 0, it is p o s s i b l e  t ’ USC t he  In-

var i anc e Princ i p le [II) to provide conditions sufficient for

asymptotic stabilit y ; for example , i t i s ea s i l y  f ound t h a t  the

triv i ii solution is as~ mpto ti callv stable if R = R* ~ 0 and

0 , k = 1 ,2 ,... , m , are  such that inequality (5.7)  ho ld s

s t r i c t 1~’ . 

-4
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